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Optimization basics

min  f(x)

xeR"?
subject to gi(x) <0, i=1,....m
hi(x)=0,i=1,....p
where f: R” — R is the objective function.
KKT condition

m P
Vil (X, X)) = VA(X) + > N Vgi(x)+ Y _ N Vhi(x') =0
i=1 i=1

gi(x)<0,Vi=1,...,m
hi(x')=0,Vi=1,...,p
A>0Vi=1,...,m
Ngi(x)=0,Vi=1,...,m
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Optimization basics
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What is complexity?

Bound on the amount of computation for an algorithm to solve a class of
problems to certain accuracy.

o ) - = = DA
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Results for unconstrained nonconvex optimization

MiNnyern f(X)

Table: Iteration/evaluation complexity for unconstrained optimization

Method Bound Assumption Reference
approx first-order stationary: |[VAXx)|| < e
Gradient descent O(e?) VfL.C.
approx second-order stationary: [[VAX)|| <€, VZA(x) = —/e
Cubic regularization O(e=3/2) V2fL.C. [Nesterov and Polyak, 2006]
Newton-CG O(e73/2)  V2fL.C. [Royer et al., 2020]

L.C.: Lipschitz Continuous.

o lIteration denotes outer-loop iteration of the algorithm. It is equivalent
to evaluation (gradient, Hessian) complexity but does not necessarily
measure the total amount of computational effort.

@ We also seek good bounds on the total computation effort.
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Bound-Constrained Optimization

m]iR? fx) subjectto X >0,i=1,...,n (BP)
xeR"?

e f:R" — R is bounded below by fj,, on the feasible region.

Nonnegative matrix factorization (NMF)

min yepm<r vernxr 5[|UVT — M||%  subject to U >0,V > 0.

Assumption

(i). The level set LAx0) = {x| x' >0, Vi, fix) < fixo)} is compact.
(ii). fis gradient Lipschitz continuously differentiable on an open convex
set D containing LAxo) and all the trial points generated by the algorithm.
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Approximate first-order points

Definition (e-10)

x is an e-1o point if

[ISVAX)|| < e

where S is a diagonal matrix s.t. S[i,i] = X' if i € I and S[i, ] = 1,
otherwise. Where It = {i| 0 < X' <& V;f(x) > 0}, € is define as
€ = min{e, w}, and w = ||x — P(x — MVf(x))||2.

(Exact 1o)

@ if xis an e-1o point and € = 0, then x is an exact lo.
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Two-Metric Projection [Bertsekas, 1982]

Xp41 = P(Xk - OékaVf(Xk))v

@ P(z) is the projection onto the feasible region, i.e.
[P(2)) = max{Z, 0},

e Dy € R™" positive definite matrix (but see below!)

@ Low per-iteration computational effort.
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@ For arbitrary Dy, objective function value may not decrease for any
ay > 0. (Figure from [Bertsekas, 2014])

X2
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x + VExy)

x1
[xg - D VElx )] *

Xy = Dy VF(xy)
CONTOURS OF f

Figure: example
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@ To ensure descent in f, require

Dy| 0 0
0 [ dgwtt 0
Dy =
0 0 d"
i

I (xk) £ {i| xi, = 0, Vif{xx) > 0}.

@ Unfortunately, the set /T(xx) exhibits an undesirable discontinuity at
the boundary of the constraint.

@ This method is a feasible direction algorithms and has zigzagging or
jamming phenomenon.

@ For this reason we enlarge the sets I (x).
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Definition
I,f = {I| 0 SX’kS €k, Vif(xk) > O}

where € is define as

exk =min{e, wit, wk =[xk — P(xk — MVAxk))||2

@ Under proper assumption, every limit point of a sequence {xx}

generate by algorithm 1 is an exact lo.

@ Fast convergence rate (Q-superlinear) when fis convex. Complexity is

unknown in nonconvex regime.
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for k=0,1,2,... do

Wk = ||xk — 'Pc(xk — MV )|, ek = min {e, wi}
{ |0 < x’k < ek, Of(xx) /OX > 0}

Pk = DiV{xx), xu(a) = P(xk — apx)

let my is the smallest non negative integer such that

) — o (3] = o § 5730 20 g 52 0 1y g )
i1t /EI;(*

stepsize a = 8™ set X1 = xk(ak)
end
Algorithm 1: two-metric projection
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Assumption
local optimal point of (BP) satisfies Vi € A(x"),Vf{x*) > 0.

Theorem (Convergence rate)

Suppose that f is convex and twice continuously differentiable. Assume
that (BP) has a unique optimal solution x* satifying assumption, and there
exist Amax = Amin > 0 such that

Amin[l2]? < 2"V2Rx)z < Amaxl|211%,
for all z€ R" and x € L¢(xp). Assuming Dy = H;l, where

i {0 - i#jandielf orjelf,
& 0%f(xk) /OXOx  otherwise.

Then the sequence {xx} generate by algorithm 1 converges to x*, and the
rate of convergence of ||xx — xX*|| is Q-superlinear.

Hanju Wu (SYSU) Complexity of two-metric projection April 25, 2023 13/21



Approximate 1o Complexity

Theorem (Complexity)
Suppose that there exist Amax = Amin > 0 such that

)‘minquz < ZTDkZ < )‘maXHZHza

for all z€ R"” and k > 0, and Dy is diagonal w.r.t. I/J: Then for any
0 < € < 1, the two-metric projection method outputs an e-1o in

O(e7?)

number of iterations.
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Numerical experiments

Nonnegative matrix factorization (NMF)

1
min ZJUVT — M||%  subject to U> 0,V > 0.
UeRervveRan 2

Data generation: M = UVT + E, U, V elements are random and sparse, E
is Gaussian noise.
Comparison with specialized solvers

e PNCG: Projected Newton-CG [Xie and Wright, 2021].

@ alspgrad: Alternating nonnegative least squares using projected
gradient method [Lin, 2007].

@ alspnm: Alternating nonnegative least squares using two-metric
projection method [Gong and Zhang, 2012].
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large scale
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o PNCG experiences zigzagging or jamming phenomenon like projected
gradient.
@ Two-metric projection lowers the objective value quickly.
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Summary & generalization

@ We present a two-metric projection method featuring both fast
convergence rate and good complexity to solve bound-constrained
optimization problems.

@ Can be generalized to deal with partial two-sided bounds:

min f{x) subjectto 0<x;<u;, YieZ C{l,...,n}.
X
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Future work

@ Extension to linear inequality constraints, £1-norm or £p-norm
constraints.

@ Further study on Two-metric projection method and its acceleration.
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